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Used Symbols:-

e ;i : Measure in general spaces.

e my : Measure in RY

e C.(2): Space of continuous functions on a compact support C €.
o | -|p: p-norm.

e R N,C: Set of reals, Naturals, Complex numbers.

° fQ : Lebesgue integral over a set 2.
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1 Preliminaries

1.1 Definition of measure

e We specially define measure as a function with some domain of definition
and some special properties. And according to study on the bunch of beneficial
conditions allotted to measure a set which is the domain of definition of mea-
sure we see that all the conditions cannot hold simultaneously! The beneficial
conditions are as follow:-

A measure is a function (denoted as u) on the power set of a set X, is an
extended real valued function on R such that

(i) u(E) > 0,VE € P(x),

(if) 1(6) = 0, and,

(#41) p is subadditive i.e pu(A) + pu(B) > p(AU B)VA, B € P(x).

e Now what we do is to reform the domain of u from the whole power set to a
subset of a power set to actually reform the third condition from sub-additivity
to countable additivity. And we call the subset of P(z) set of lebesgue mea-
surable sets (denoted by S) and the new restricted measure to be lebesgure
measure.We will use p to denote lebesgue measure all over our discussion.

1.2 Lebesgue Measurablity

e Lebesgue measurable functions: Let (X, Y) and (Y,T) be measurable spaces
equipped with respective g-algbras ¥ and T. A function f: X — Y is said to
be measurable if for every E € T the pre-image of F under f isin X;ieVE € T

fUE) ={z € X|f(z) € E} € %.

eNote: As we are dealing with £P-spaces so your function is real-valued. Hence
the above definition can be modified very neatly as

{r e X|f(x) >aVaeR} €X.



1.3 p-integrablity

e Definition of p-integrablity:
Let (X, S, u)be a measure space. Let f : X — R be a measurable function.

Let 1 < p < co. We define
1/p
191 = ([ 197 )
X

and we say f is p-integrable is || f||, < +oo.

eDefinition of essential supremum:
This is nothing but || f||cc.We say essential supremum exists finitly iff
[ flloo < +o00.

1.4 Some useful In-equalities
1.4.1 Holder’s Inequality
e Definition of conjugate exponent:
p and p’ are called cojugate exponents when
— + */ == 1.
p P
if p=1 we say ¢ = .

e Lemma: Let 1 < p < oco. Let p’ be it’s conjugate exponent. Then, if a
and b are non-negative reals, we have

/ a b
al/Ppt/r < = +H'
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e Holder’s Inequality: Let 1 < p < oo and let p’ be the cojuget exponent.
If f is p-integrable and g is p/-integrable (essetially bounded if p = 1), then

/X ol du < [l llgl-

Remark: If p = 2,p’ = 2 then the in-equality has a special name called
Cauchy-Schwartz ineuqality.



1.4.2 Minkowski’s Inequality

Let 1 < p < oo. Let f and g be p-integrable (essentially bounded, if p = o0)
and
I1f +gll < [Ifllp + llgllp-

1.5 Equivalence Class And Vector Space

1.5.1 Almost everywhere concept

e We say a condition happens in a domain a.e.(almost everywhere) = the codi-
tion happens on a set except a subset of measure zero of it.

e A set of measure zero is a sub set of X such that p(A) =0 where A C X.

e We can see cosequently that if two functions f and g are equal a.e. the
we write them as f ~ ¢ and we can eventually bring equality in sense of p-
integration i.e we definitely observe that || f||, = [|gll,-

1.5.2 Equivalence class

e Now if we equip the set of all p-integrable functions with a binary relation
7~ and we eventually see that is a equivalence relation and we can now classify
the set into some equivalence classes.

1.5.3 Vector space

e We see that if we cosider each equivalence classes as a sigle element and put
them in a set V equipped with natural norm as || - ||, then (V,] - ||,) becomes a
normed linear space. And we also say that (V.| - [|,) = £P ().

e Proposition 1 : Let (X, S, i) be a finite measure space. Then

LP(p) C L)

with the inclusion being continuos, whenever 1 < g < p.
e Remark: Let (X, S, ) be a finite measure space and let f € £°(u), f # 0.
Tim £l = /e

1.5.4 Convergence in LP(u) :

e Convergence in LP(u) : If f € LP(u), we say that the sequence
{fn}s2, € LP(n) converges to f in LP(u) if || fr — fllp — 0 as n — oo.



e Lemma: Let 1 < p < co. Let (X,Sp) be a finite measure space. If {f,}52, is
a Cauchy sequence in £P(1), then the sequence is Cauchy in measure.

e Cauchy in Measure: A sequence {f,}22, is said to be Cauchy in measure
= for € > 0 be a fixed real, and for n,m € N the set

An7m(€) = {l‘ € X| |fn(33) - fm(x)| > 6}

is of measure zero.

o Let (X,Su) be a measure space. Let 1 < p < co. Then LP(u) is a Ba-
nach space.

e Let (X, Sp) be a measure space and let f,, — f in LP(u) for some 1 < p < 0.
Then, a subsequence {f,,} such that f,, () — f(x) a.e.

e Lemma: Let 1 < p < co. Let {f,}52, be a sequence in LP(u) converging

pointwise a.e. to a function f € LP(u). Then f, — fin £P(u) iff, | foll, = || fllp
as n — 0o.



2 Approximation in £P(u)-spaces

2.1 Definition :

e Characteristic function: In a measure space (X,S) x4 : X — R is called a
Characteristic function iff

XA(:E) - ].,fo €A

=0,0/w

e Simple Function : Linear combination of finitely many Characteristic func-
tions. IL.e.

N
fl@) =" arxa,
k=1

for some N € N and a; € R with each A, C X.

2.2 Notations:
e Let (2 C R” be a non-empty open set.

e Let S denote set of all real-valued simple functions defined on € which van-
ishes outside a set of finite Lebesgure measure.

2.3 Lemma :

e Lemma 1: If 1 < p < oo, a simple function ¢ belongs to £P(Q) iff, ¢ € S.

e Lemma 2: Let Q C RY be a non-empty open set and let 1 < p < oc.
Then S is dense in LP(€2).

e Lemma 3: Let Q@ C RYN be a non-empty open set and let 1 < p < oo.
Let f € S. Then, f can be approximately by step functions in £P(Q).

e Lemma 4: Let Q C RY be a non-empty open set and let 1 < p < oco. Let
C.(§2) denote the space of continuous real-valued functions defined on €2, having
compact support contained in 2. Then, C.(Q2) is dense in £P(12).

Proof: By Lemma 1.2 Lemma 1.3 we have set of step functions are dense
in LP(€). So, we just have to show that step functions can be approximated by
functions from C.(€2).Which is nothing but mere visualization. Still let’s give
some mathematical sketch of it.



It can be shown that for a e > 0 3 ¢ € C.(Q), such that
c P
(o € 21 pta) £ £@)) < (757 )

and such that
lelloe < 11 flloo-

Then
o= flIp <28 f5mn ({z € Q[ @ # f(z)}) <€

so that ||¢ — f||, < e. This completes the proof.
e The above result is not true for p = oco.
e Lemma 5: For 1 < p < oo, LP(Q) is seperable.

e Lemma 6: £°() is not seperable.

3 Applications

3.0.1 Lusin’s theorem

Statement : Let £ C RY be a measurable set of finite measure. Let f: E — R
be a mesurable function. Let € > 0 be given. Then, 3 ¢ € C.(RY) such that

my({z e E|e(x) # f(r)}) <e

Further if f is bounded, we can ensure that

lellos < [1flloo-

Proof: Construct E, = {z € E| |f(z)] < n}.
Then E, 1 E. Since E has finite measure, we can choose m € N such that
my(E\Ey,) < 5. Now, we define a function f : RY — R by
fla) = f(z), if z € Ep
f(z) =0, o/w

f is integrable on RY as f is bounded and E,, has finite measure. Hence, there
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exists a sequence {¢,, }52, in C.(RY) such that ¢, — fin L'(RY) by the Lemma
4. Then, there exists a subsequence {¢,, which converges to f pointwise almost
everywhere on RY.

Now as E,, has finite measure, we can find F' C E,, such that my(E,\F) < §

such that ¢,, — f uniformly on F', by virtue of Egorof’s theorem. Again, since
F is of finite measure we can find a compact set K such that my(F\K) < §.
Hence, my(E\K) < e.

Since {¢n, } converges uniformly to fon[f , it follows that the restriction of
fto Kiscont. But K C F C E,, and so f = f for every X € K.

Now, by Tietze extension theorem we can find a continuous function g : RV — R
such that ||g|lcc < m and such that g = f on K.

Finally, let ¢ € C.(RY™) be such that 0 < 1) < 1 and such that ¢» = 1 on
K by Urysohn’s lemma. Let ¢ = 1g. Then ¢ € C.(R"V), and

{reElop()# fx)} CE\K,

measure of which is less that €. Also ||¢]lcc < m and, if f is bounded, m <
| flloo < M where M € R*. Hence we get this comparison as [|¢]loc < || f]cc-
3.0.2 Hardy’s inequality
Let 1 < p < oo. Let f € L£P(0,00). For 0 < 2 < o0, define
1
F(z) = f/ f dm;.
T J(0,00)

Then F' € £P(0,00) and
p
17l < L5151

Proof:

3.0.3 Examples :

Example 1: The Hardy’s inequality is not true when p = 1. To show this let’s
cosider a function f(x) = e~ € £(0,00). Now if we construct

1—e"

1 T
F(z)=— fdmlzf/ e tdt =
T Jo €T

T J(0,x)

Before we gonna show Hardy’s inequality, we see that F'(x) is not integrable
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over (0,00). Why?

As, F(x) > 176_1,3: > 1, Then,

/100F($)2(1—e_1)/100i>oo.

So, basically F(z) ¢ £(0,00). So, no meaning of Hardy’s inequality.
Again, if p = oo we see that ||f|lcc = 1. But ||[F||ec > 00. So, we see that
again F' ¢ £>(0,00). So, again Hardy’s inequality doesn’t make sense here.

3.0.4 Hardy’s inequality for [, spaces
Hardy’s inequality hods for sequence spaces (I,) as well, When

1 <p<oo.

To, see this we need a comparision between £P(2) space and I, spaces.
As, any function f € £7(Q2) has domain of definition € like wise in I, space the
domain of definition of any sequence {x,} € I, is N.

So, if we look at the p-norm of [, according as L£P(£2) we see that

b—a b—a
P— i P
/Qlfl Jim — T§:1|f(a+ )
(if we set for now 2 := (a,b)).
n n
= 1' —_ r p,
Ji, 7 2 ol

As our function is {z,} and the domain variable is n. And the partion of the
domain {1,2,3,......} is {(0,1),(1,2),(2,3),.....}. where we see that a = 0 and
we sustitute everything to our equation to get the equivalent form in /.

T1+xo+.... 4Ty

Thus we see that as in Hardy’s inequality we construct F(n) = y,, = =

And the result thus similarly follow here also as:

lylly < [l]lp-

p
p—1
3.0.5 Continuity of LP-norm:

e Remark: This property is very strong that the contiuity of the function itself.
As in LP continuity actually defined as convergence in LP so, from there it is
valid to say the function is continuous when it is in £? in the sense of L£P con-
vergence.

12



Proposition: Let 1 < p < oco. Let f € LP(RY). For h € RV, define

m™(f)(X) = f(z —h), z € RY.

Then
lim [17(f) = fllp = 0.

Proof: By the change of variable property of Legesgue integration we see that
h(f) € LP(RY),whenever f € LP(RY) and aslo that ||[7,(f)|l, = | fllp-

Let € > 0 be given. Choose ¢ € C.(RY) such that

1 = elly < 5 M

Then, we also have

l7a () = (@)l = 1 = el < 5 @)

Let the support of ¢ be contained in the box [—a,a]. Since ¢ is uni-formly
continuous, 3 0 < § < 1 such that, whenever |h| < §, we have

|z

€ -
el — ) — (o) < S0)F,
vV x € RN. Then for |h| < 4,
EN\P
[ o) —eldm= [ o= 1) - gl dmn < ()",
RN [_ava]n

so that
€
3

Then result now follows on combining the relations (1),(2),(3).

() = ¢llp <

13



4 Referrence and Useful Tools:

1. Measure and Integration [S.Kesavan].

2. Overleaf software: https://www.overleaf.com/project/6292570ec3c93ed57beabbcc
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