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1 Preliminaries

1.1 Definition of Topological space

e Let X be a any non-empty set and let 7 C P(X). Now if 7 has the following
properties viz. :

1. 9, X €.

2. Let {Uy}aes be any arbitrary collection of elements of 7, then U, e U, €
T.

3. Let {U;}; Cmthe N U; €7

if the above three properties are satisfied the (X, 7) is called a topological space.

1.2 Definition of Manifold

e Let (X, 7) be any topological space which is hausdorff and second countable
and locally euclidean i.e. locally homeomorphic to a open subset of R" for a
fixed n. That is there is a homeomorhism ¢, : U, (C X) — U,(C R™).

1.2.1 Chart:

For a point p € X if there is a homomorphism as in the above definition then
we say (G, U;) is a chart around p.

Two charts (U, ¢), (V,1) are called compatible iff g op=! : (U NV) —
¢(U NV) is diffecomorphic. This map is called transition map!

Figure 1:



1.2.2 Dimension of Manifold:

We define local dimension of a manifold at a point p € X to be the n € N such
that at that point we get a chart say ¢ : U — U,(Q R™).

Is the above definition well defined? I.e. can’t we get some other chart viz.
¢ :V =V CRF where k # n.

If so, then o=t : (U NV) — ¢(U NV) is homeomorphism but as u see
YU NV) C V' CRFis open subset of R¥ but ¢(UNV) C U CR"is a open
subset of R™. But two open subsets of different dimensional euclidean spaces
can’t be homeomorphic as if they be homeorphic then the whole this boils down
to the homeomophism between R™ and R*¥ when k # n. And this is not possible
can be proved in various ways. One of the way is using higher order fundamental
groups of higher dimensional spheres.

We now proved that local dimension is well defined! Now, we moved forward to
defining global dimension. For this

eLemma0 : we restrict ourselves to connected spaces in particular connected
manifolds, then then local dimension becomes global dimension.

proof: If the manifold is connected then there exits no chart in an atlas not
intersecting with other charts otherwise that chart and union of the rest charts
will form a seperation! But as we have seen in the above discussion that in-
tersection of two charts will make same local dimension through out the both
charts making the local dimension transmitted globally.

1.2.3 Atlas:

Collection of pairwise compatible charts whose union is whole X. An atlas is
denoted by A = {U, : U,Uy = X and U,, Ug is compatible}.



1.2.4 Differentiable Structure:

There may be many atlases on a particular manifold for example,

(0,1)

e

9, 9,(P)

u

u

P=(x,,)

Figure 2: Vertical Projection Charts(left) and Stereographic projection
chart(right)

Hence, we get two atlases viz. A; = {yellow, red, green, blue},

Ay = {circle — {southpole}, circle — {northpole}}. But if you calculate, you
will eventually find that A; U A5 is again an atlas. Hence we can take only one
larger collection viz. the union! But not always all atlas union end upto again
an atlas!

Hence, we introduce concept of equivalence classes on collection of all possible
atlases on a given manifold X.

e Two atlases A1, Ay is called related iff A; U A5 is again an atlas!

Now, it is easy to verify that this is an equivalence relation of collection of at-
lases on a given manifold!

eLemmal: The above relation is an equivalence relation!

proof: reflexivity and symmetricity is trivial. Only non-trivial to check is tran-
sitivity!

Let A; ~ A and Ay ~ As, then we take any U € A;, W € A3z. Now let Ay =
{V4}. We need to prove U, W is compatible and that completes the proof! Then
let p: U — U and 1) : V — V. Then, potp=1 : p(UNVLNW) = d(UNV,NW)
can be written as po (Sl o, 0Y ™ = pop™! Va. But Vo, ¢po (1, (ot
are diffeomorphic due to compatibility of A;, A; and As, A3. Hence, ¢potp~! is
diffeomorphic on U NV, N W and we have UNW = U, (U NV, NW). Then
by very definition of differentiability we get ¢ o~ ! is diffeomorphic on U NW.
Provind the lemmal

Hence, we get a equivalence class of atlases on a manifold! And we call one
equivalence class a Dif ferentiable structure!



Now, we can have a multipe differentiable structures on a manifold of vari-
ous dimesions! Below is a chart of differentible stuctures on various dimensional
spheres!

Dimension 1 23 4 5|6 7 8/ 9 10 11 1213 14 15 |16 17 18 19 20
Smoothtypes |1 1|1 /211|128 2|8|6 (992|1 |3 |2 16256 |2 |16 16| 523264 | 24

Figure 3: Differentiable structures on spheres

We see clearly that dim< 3, we have only one differentiable structure. This is
in general true for any manifold with dim less than or equal to 3.

A manifold with a differentiable structure is called a differentiable maifold and
if the transition maps are smooth maps( i.e. all order partial derivatives exits).
Now, we move to define our most basic and important setup viz. differentiabil-
ity of a function from one manifold to other!

Now we can draw some remark from the above discussions viz.
1. If pe U C X, then ¢(p) = (¢1(p), #2(p), ..., on(p)) € R™
2. Since ¢ is cont., so ¢; : U — R is a cont. for each i = 1(1)n.

3. The pair (U, ¢) is called a coordinate neighborhood!(or a coordinate chart
or a chart) of X.

4. (¢1, P2, ..., dn) is called local coordinate system on (U, ¢).

Ex: The n-sphere S = {x = (21,22, ..., Tp11) € R : ||z]| = 1} Vn € N can

be endowded with a stereographic atlas on it viz. A = {U;,Us} where Uy =

S™ —{(0,0,0...,1)} and Uy = S™ — {(0,0,0...,—1)}. And ¢ (21,22, ..., Tpy1) =
T2

Z1 Ln — Z1 Z2 Ty

(17%“, el RN , 17I7L+1) and ¢a (L1, T2, ooy Tpy1) = (1+:rn+1’ Tra gy e T ).
N —1 _ 211 x%—&-x%-{-...-{-xi—l d —1 .

ow, ¢1 (21, %2, ey Tp) = ( g R R , m§+m§+.,.+m%+1) and ¢5 (21, X2, ey Tp) =
( 221 1—mf—m§—...—zi)

Ti4wd+. o210 P wltal4. a2 +1

-1 — T T 3

Now, ¢1 0 ¢35 (T1,%2, ... p) = ( S N R E%er%f”#z%) . Now, this

one is differentiable function and all partial derivatives exists except for origin.
And our domain of transition function does not include origin. Hence we get the
transition map to be smooth. Similarly, we can prove ¢; o (bfl is also smooth
in its domain of definition. And hence we get a smooth structure on S™ as [A].
Hence (S™,[A]) is a smooth manfold.



S(50,—-, 1)

Figure 4: Stereogrphic Projection to Hyperplane

1.3 Deferrentiability:

Let X7, X5 be two smooth manifolds of dim m and n resp. A map f: X; — X,
is called smooth at p € X if given a chart (V,4) at f(p) € Xs there exist a
chart (U, ¢) at p € X1 such that f(U) C V and the mapping 1 o ¢~ 1 : ¢(U)(C
R™) — ¢ (V)(C R™) is smooth at ¢(p). A map f is smooth if it’s smootg at
every p' of X;. The set of all smooth funtios from X; to X, is denoted by
C> (X7, Xo2).

In particular, a map f : X — R on a smooth manifold is called smooth if fo
all p € X, there exits a chart (U, ¢) such that the map fo¢~!: ¢(U) — R is
smooth. We denote by C°(X,R) = C*°(X), the set of all real valued smooth
functions on X.



Figure 5: Defferentiability

eDefinition: Let X;, Xo be two smooth manifolds, We say that a mapping
¢: M — Nis

1) A diffeomorphism if its bijection and the maps ¢ and ¢~! are smooth.

2) is a local diffeomorphism at p € X if there exist neighbourhood U of p
and V of ¢(p) such that the map ¢|y : U — V is a diffeomorphism .

eRemark:While defining differentiability on a smooth manifold we actually
use the charts but if we change charts then does it lead to non differentiabilty
of the function?

Answer: No as long as we are resctricted ourselves in one differentiable struc-
ture! That result leads to the fact that you don’t need to worry about analysing
differentiabilty usin only one representative atlas from the differentiable struc-
ture!

Proof: Let we have two charts (U, ¢) and (V,) around a point p € X such
that they belong to A;, Ay respectively, and Ay, As € [A]. Then we see that
(fop Y o(pory™!) = foy~! on the domain of definition U N V. Hence
we get smoothness and if range set charts change then say we have two com-
patible charts as far same reasoning viz. (Wi,n1), (Wa,1n2) containg f(p), then
(naomy M) o(mof)=mnyof. Then this is smooth from the above logic. Whole
together we get, f(U), f(V) C Wy, Ws, and hence f(UNV) C Wy N W, and
moreover, we have, (12 0y ) o (10 f o ¢~1) o (poh~1) = mp o f o b1 telling
RHS to be smooth. And Hence as long as e are in fixedd differential stuctres
on both domain and range manifolds differetiability can be checked using only
one reprsentative atlas taken from each differentiable structures respectively!



1.3.1 Hessian , Regular Point , Critical Point of a realvalued func-
tion:

Let f: X — R be any smooth function, where X be a smooth manifold.Then
we define the following:

eDefinition:

1. Differential of f: Differential of f t any point p € X is defined w.r.t. a
chart (U, ¢) about p as differential of f o ¢_1|¢(p). As, we know fog¢~!:
o(U) C (R™) — R. Then, it’s differential is calculated as normally, d(f o

-1 -1
o s = ( a(fa"fl L, ) 8“;;? ))|¢(p). And we define defferential of
fwrt (U, ¢) at point p as differential of fo1~1 at point ¢(p) and denoted

by dflp = d(f o 67|

2. Hessian of f: The hessian of f w.r.t. (U, ¢) at point p is defined as hessian
of fo¢™! at point ¢(p), and denoted by H(f)|,. Then,

H(f)lp =H(f o ¢ Dlom = J(d(f © 0))low)

i.e.
9%F 8°F 8°F
7722160 Feomle® T Fmiomn e
2oy Fhlew a2 lew
Oxa0x, 1P(P 022 10(p Oxo0x, PP
H(f)lp = . ’ )
9%F 8°F 82F.
Bunoar 0W)  Banoazlo® T wazlew |, ..

Here, F = fo¢!.

3. Critical points of f: If p is a critical point or singular point of f if d(F)|4(p)
is not surjective, this means that the partial derivtives g—fiw(p)) = 0 for
alli=1,.....n.

And the real value f(p) is called the critical point of f.
eRemark: Here, all we assume that ¢(U) has dim n and is subset of R™.

We we introduce local coordinates as ¢(p) = (z1(p), ...... , (xn(p)). Now, as
¢ is bijective on U, for on U we can think of ¢(p)’s local neighbourhood
points as (z1,.....,Z,) where z;’s are reals such that ||z — ¢(p)|| < € for

which B(¢(p),e) C ¢(U) as there is always a pre-image in U for each such
point as ¢ being surjective.

4. Regular Point: Any point which is nit a critical point is called regular
point of f and any real value which is not a critical value of f is called
regular value of f.

5. Non-degenerate Critical Points: p € X is called non-degenerate critical
point of f if the Hessian of f at p is non singular matrix. Le.

det(H(F)|g(p)) # 0

10



6. Degenerate Critical point: Any critical point whose Hessian is singluar is
called degenerate critical point.

7. Index of a non-degenerate critical point: The index of a non-degenerate
critical point is the number of negative eigen values of the Hessian matrix

H(F)H(p)'

2 Morse Function

2.1 Definition:

A smooth map on a smooth manifold X, f : X — R is a morse function
if its all critical points are non-degenerate.

2.1.1 Example of Morse Function:

A very basic example of morse function is height function on a sphere and
torus embedded vertically in R3.

(a) Let X = S? = {(2,9,2) € R® : 22 + y? + 22 = 1}. The function
f: X — Ris defined by (z,y, 2) — z is a morse function.

proof: Let ¢1($1,$2,.’E3) — ( 1 T 1

be two charts of S2. The inverses of ¢, ¢ are given by ¢7 ! (x1, 2) =

1—x3? 17I3) and ¢2(./L'17 L2, :L'3) = (1+x3’ 14x3

2

2, 2 2
2xy 2x9 ritx5—1 —1 _ 2z 229 1—x7—x3
( ) and ¢, (:Cl,(ﬂg) - (xf+$§+1’ x24zI+1° zf—&—aﬁ%—i—l)

r24x2+17 23 +23+10 22 +xi+1
respectively.In order to determine the critical points of f, consider
the map fo¢; ' : R? — R for each i = 1,2. Note that (S? — {S}, ¢2)
is the coordinate chart around (0,0, 1) and define a map g = f o ¢ *

2,2
1—xzi—x5

by g(z1,22) = Thoitas”

Now, as we see that ¢2(S? — {S}) = R? and on whole R? g is differ-
entiable and smooth. This neighbourhood works for all point except
for south pole i.e.S = (0,0, —1).

Similarly we can prove that at point N = (0,0,1), f smooth.

7451/’1 74{132 )
)

Since, dg(r1,r2) = ((1_;,_33%4_:6%)2) A+zi+22)?

We have dg(z1,22) = 0 iff 21,29 = 0.

Hence, ¢, '(0,0) = (0,0, 1) is the only critical point of f in S* — {S}.
We will find the Hessian of f at point (0,0, 1).

82
H(9)lp(0.0,1) = H(9)l0,0) = (gz; (0, 0)r1<ij<z =
—4(1—3z2+22) 16z,
(1+z§+;§)32 l0.0) (1+z§}i-fc2§)3 0.0

162122 | —4(1+a3-3z3) ‘
(I+22+22)3 1(0,0) (1+z2+a2)3 1(0,0)

11



-4 0

0 -4
This shows that (0,0,1) is a non-degenerate critical point of f with
index 2. For, the point (0,0, —1) we use the chart (S* — {N}, ¢1) and

similarly shows that (0,0, —1) is the only critical point of f which is
non-degenerate with index 0.

eRemark: We get on S?, (x,9,2) — 2z is a morse function with
only two critical points.

Figure 6: Morse function on Sphere

eQuestion: Is the converse true?

i.e. If X be a compact, connected, smooth manifold. Suppose there
exists a Morse fucntion on X with exactly two critical points. Then
M is homeomorphic to a sphere of the corresponding dimension of
the manifold.

Answer: Yes! This is proved by mathematician Reeb’s.

Finally,

Let r, R be real numebrs satisfying 0 < r < R, and let

X =T ={(z,y,2) : 2° + (Vi + 2 - R)? =*}

be a two dimensional torus. Then function f : T2 — R defined
by f(z,y,2) = z is a morse function which has four non-degenerate
critical ponits, (0,0, —(R+7)), (0,0,—(R—7)), (0,0, R—7), (0,0, R+
T).

12
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3.1

&°/ ~@rv) )

Figure 7: Morse Function on torus

Appendix:

My Conclusion:

After reading and making this project I am led to the following conclusions:

(a)

Manifold theory is basically a generalisation of euclidean space but
rather more realistic than FEuclidean Spac.Basically, manifold study
comes from the need of studying real life objects and calculus on
them to find maximum and minimum of some height function!

For example, studying contour and landcapes and studying what
happens if we passes through some points where every directional
derivative vanishes, what changes happen in the topology of the sub-
manifold defined by X, = f~!(—o0, f(p)).

In this purpose we define calculus on manifold or arbitrary struc-
tures of real life which we can visualize as a euclidean space when
zoomed in locally. Then differentiation being local property we can
relate it to more theoritical aspect the euclidean space and study
it easily as mathematics is easy in euclidean spaces. But euclidean
space is not realistic. It just came to visualize manifolds or real life
objets in the most symmetric and easy way so, that we can develop
mathematics on it symmetrically then can extend it on Manifolds via
approximating them locally to euclidean spaces.

13



3.2 My future Plan after Mid-term:

We move to analyze the part (a) of my above conclusion more
clearly. And will see that how topology changes when we crosses a
citical point using Handle bodies and handle decomposition

theorem.
In this regards, we use homology theory, homotopy from algebraic
topology to prove morse lemma’s. Then finally, we end proving
h-cobordism theoreorem and using it proving smooth poincare

conjecture for dimension greater than or equal to 5.

14



4 Morse Theory:

4.1 Morse Function

Definition 4.1.1: Let f be a smooth function on a smooth manifold
M. f is said to be a Morse function if every critical point of f is
non-degenerate.

Example 4.1.1:  The height functions on the sphere S? and
the torus T? are morse functions.

Example 4.1.2: Let |29, 21, ...., 2n] be an equivalence class of (n+1)-
tuples (2o, 21, .-, 2n) 0f complex numbers, with E?:0|zj|2 =1, and
let M = CP" = [z0, 21, ..., 2n] be the complex projective n-space. De-

fine f: M — R by

n
2
[20, 21, o Za] = ) cilz5]%,
J=0
where cg, €1, .-..., Cp_are distinct real numbers. Such a function f is a

Morse Function.

proof: In order to determine the critical points of f and their in-
dices, we consider the following local coordinate system. For each
j € {0,1,....,n}, let U; be the set of equivalence classes of (n+1)-
tuples (2o, 21, ..., 2n) of complex numbers with z; # 0. That is,

Uj = {[20,217 ,ZTL] L Zj # 0} =

4.2 Morse Lemma

Lemma 4.2.1:(Morse lemma) Let p be non degenerate critical
points of f with index A. Then there is a local coordinate system
Y : V. C R* = U, in a neighborhood U, of p with 0 € V and
Y (0) = p such that the identity

(foY)(yi,y2s s yn) = F(0) =47 — oo =YX + Y341 + o+ 5 (42.1)

holds through out V.
Corollary 4.2.1: Let f : M — R be a smooth function on a smooth
manifold M. A non-degenerate criical point of a smooth function f

1s isolated. In particular, f is a Morse function and M is compact,
then f has a finite number of critical points.

15



proof: By Lemma 4.2.1, we observed that if f has a mon-degenerate
critical point p, then there is a coordinate chart (Up,Y ~1) of M about
p that satisfies the equation (4.2.1). This chart contains no, other
critical points of [ other than p since, by equation (4.2.1),

d(f o Y)(yl,yz, .... ’yn) = (—2y1, teey —Qy,\, 2y)\+1, ceeny 2yn)

and d(f oY) (ys yoriyn) = 0 iff (Y1,92, oo yn) = 0. Hence Y(0) = p
is the only critical point of f in U,. Therefore, p is isolated. Now,
suppose that M is compact. If the set of all critical points of f is
infinite then we can extract a non-constant sequence out of it and it
must have a convergent subsequence as compact implies sequentially
compact. Then by continuity of df (as fis C™ hence df is contiuous)
we get that limit point is also a critical point of f but then critical
points of f can’t be isolated as per the above scenario, (=<).

4.3 Existence of Morse Functions

The goal of this section is to show the existence of Morse functions
on any smoot manifold. Since the Whitney embedding Theo-
rem tells us that any smooth manifold is embedded in a suitable
Euclidean vector space, let M be a smooth n—dimensional manifold
embedded in E = R™* for some k € N.Hence we will try to prove
that any morse function can be viewed as a height function for a
compact finite dimensional manifold. And Hence after the existence
we can study easily morse functions easily.

To do so, let us recall some useful results:

Recall: E* = {a|la : E — R is a linear map} is the dual space
of real vector space E, and the following useful definitions:

Definition 4.3.1: The dual of the tangent space T, M of a smooth
manifold M is called the cotangent space at x denoted by

T:M = (T, M)*.
An element of T;; M is called cotangent vector or covector.

Definition 4.3.2: Let f : M be a smooth finite dimensional mani-
folds. The differetial map of f at x is the linear map df, : T,M —
Tt)yN and is given by df,(v) = 8(0)

Where f = g o o where a(0) = x and o : (—¢,€) — M is a curve
smooth at 0.

(1) f is called immersion if df, is injective for every x € M.

16



(2) f is called submersion if df,, is surjective for every x € M.

4.4 Fundamental Theorems of Morse Theory

In this section, we let f : M — R be a real valued function on a
smooth manifold M, and let

M® = fY((~o0,a]) = {p € M : f(p) < a}.

4.4.1 Morse’s First Fundamental Theorem(MFFT)

We first consider the region that f has no critical points as follows:

Theorem 4.4.1: Let f : M — R be a smooth real valued func-
tion on a manifold M. Let a and b be reqular values of f with a <b
such that the set

f T ab) ={peM:a< f(p) <b}

18 compact and contains no critical points of f. Then M® is diffeo-
morphic to MP. Furthermore, M® is a deformation retract of MP?,
so that the inclusion map M® < M? is a homotopy equivalence.

I CON RN émg
f([a.b])
----la
e A e

Figure 8: MFFT

proof: Since f~!([a,b]) is compact and contains no critical points,

17



then there exits € > 0 small enough such that the set f~!((a—¢, b+e))
contains no critical points of f. Let p : M — R be a smooth function
defined by

otherwise

p<x>={ T e (0= ebve)

Now we can define a smooth vector field X on M by,
X, = p(x)gradf (z) Vx e M.

That is,

Y. TaraarmmzIradf (@) if x € f71((a—e,b+¢))
v 0 otherwise

By a lemma X generates a 1-parameter group of diffeomorphism
¢ : RxM — M. Then for each fixedp € M themapc:=¢, : R = M
is a smooth curve in M defined by c(t) = ¢+(p) and ¢(0) = ¢o(p) = p,
because ¢g = id;.

Lemma 4.4.1:

e The vector field gradf(p) = 0 if p is a critical point of f.
e If we have a curve ¢ : R — M with velocity vector 9, then

dato
% _ dfc(t)(%) = <Z(;,gmdf(0(t))>-

Therefore, by lemma 4.4.1,

d(f o 64(p)) _ d(fo o)
dt dt

= (G gradf(e())

= < d¢§t(p) , gradf (¢ (p))>

= (X4, (p) gradf (¢:(p)))

since %ﬁp) = Xy, (p)- Hence, the last equality together with equation
(4.4.1) give us that

df (&(p)) _ { L if ¢u(p) € f ((a—eb+e))

dt 0 o/w

18



‘We then have

f((p) ={ t;é()p) if 6:(p) ef_ol/(v(va_e’b“)) ....... (4.4.2)

since ¢o(p) = p. In addition, f(¢:(p)) is increasing
since %@ZOVtGRand])EM.

Consider the diffeomorphism

Gp—q : M — M. We claim that ¢p_, : M — MY is a diffeo-

. M(l
morphism.

First, we prove that ¢,_, maps M?® into M®. We wish to prove
that for every z € M? | then f(¢p_q(z)) < b(ie. ¢p_q(z) € MP).
Let x € M“. Since f(¢:(p)) is increasing,

f(po(z)) = f(z) < f(dp—a(T)).

Therefore are two cases:
o if f(¢p—a(x) <D), then ¢y _o(x) € M".

o if f(dp—a(z)) > b, then by (4.4.2), f(z) —a > 0 and f(z) > b
which is a contradiction.

Therefore, ¢y_, maps M® into M. Since ¢, : M — M is a diffemor-
phism for each ¢, then the restriction of ¢,_, to M® is also one to
one. So, we only remain to prove tat ¢,_, maps M onto M?. Let
y € M®. There exit = ¢,_(y) € M? because, by (4.4.2), we have

f(@) = f(¢a(y)) <b

and if f(¢q—b(y)) > a, since f(¢¢(p)) is increasing, we obtain

a < f(as(y)) < f(Dr@)-s(y)) < b,

and this implies that

f(bas(y) =a—b+fly) Sa—bt+b=a

19



which is a contradiction. Therefore, the map ¢;_, is onto since

Po—a(T) = Pp—a(da—b(y)) = do(y) = v

Now we proceed to prove the second part: M*“ is deformation retract
to M®. Consider the family of maps 7y : M® — M? defined by

T if z € M?
ri(@) = { Bla—f@ne(r) ifa< flz)<b € [0.1]

If + € M, then ry(z) = 2 € M® C MY If a < f(x) < b, then
(a— f(z))t < 0 and by the monotonicity of f(¢:(p)), this implies that
F(Pla—r)e(®)) < fl@o(x)) = f(x) < b. Thus r¢(z) = da—f(a))e(r) €
M?. This family also satisfies the following condtions:

e () is continuous on the product topology M? x [0, 1].

e 79(z) =z for all x € M

® 71(T) = Pra—f(2))(x) € M®. Indeed, if z € M?, then ri(x) =2 €

M® and by the monotonicity of f(¢¢(p)), if a < f(x) < b, then

f(ri(x) = f(ars@) () < fldo(x)) = f(x) <b

Case 1: if f(r@x)) < a, then ri(x) € M Case 2: if a <
f(ri(z)) < b, then f(ri(z)) = a — f(z) + f(z) = a. Hence
ri(x) € M.

e It is clear that ri(z) = z for all z € M.

Therefore , M® is a deformation retraction of M?, so that the
inclusion map M® < M? is a homotopy equivalence.

4.4.2 Morse’s Second Fundamental Theorem(MSFT)

Now let us consider a region in which f has one critical point.

Theorem 4.4.2:Let p be a non degenerate critical point of f with
index \. Let ¢ = f(p) and assume f~([c — €, c + €]) is compact and
contains no other critical point of f for some € > 0. Then for all suf-
ficiently small €, the set M°T¢ has the homotopy type of M€ with
a A-cell attached.
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4.4.3 Consequence of the Fundamental Theorems

Theorem 4.4.3: If f : M — R is a smooth function on a compact
smooth manifold M with no degenerate critical points and if each M
is compact, then M has the homotopy equivalence of a CW-complex,
with one cell of dimension A for each critical point of index A.

To prove this theorem, we will need the following lemmas.

Lemma 4.4.1: (Whitehead) Let ¢y and ¢; be homotopic maps
from the sphere d(e*) to a topological space X. then the identity map
of X extends to a homotopy equivalence

kX Ug, e — X Uy, et

Proof. Let ¢; be a homotopy between ¢y and ¢;.
Define k : X Ug, e* — X Uy, e* by

x ifreX
k(z) = 2ru ifz=ru, ued(et), 0<r<4i
pa—2r(u) ifz=ru, ucd(e),3<r<l1
andINf:XU¢le)‘—>Xu¢Oe/\by
x ifreX
k(z) = < 2su if v =su, ued(e),0<s< 1
bas_1(u) if 2 = su, u € d(e) ,% <s<1

Since the functions k and k are continuous, there are the compositions

T ifzeX

]’%Ok(:ﬂ): 4TU 1fx:ru,u€8(ei),(3§r§%1
Gar—1(u) fzx=ru, ucdle),; <r<s3
po—or(u) ifz=ru, ucd(e), s <r<l1

and

T ifreX

ko];(x): dsu %fx:s%uea(e;\)’?gsﬁil
P2-4s(u) ifx=su, ued(e),; <s<3
¢2$—1(u) ifx:.su, ’LLE@(G/\) 7% <s< 1
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We want to find a homotopy hy : X Ly, e* — X L, e, t € [0,1] such
that hg = kok and h; = id. Consider family of maps h; : X Uy, et —
X Uy, € defined by

x ifreX
() 14Igt if v =ru, ued(et),0<r< 3
x) = ,
¢ ¢(%71)(17t)(u) if v =ru, ued(et), 3 <pr <L
brzap()  ife=ruued(e), Fr<l

It is easy to check that h; is contiuous, hg = kok and hy = id.

We next consider a family of maps h} : X Uy, e* — X Uy, €* defined
by

T ifreX
B () = ffgt %fx:su, ued(er),0<s < 3
t qﬁl,(%,l)(l,t)(u) if 2 = su, u € 9(et) ,# <s< %
¢1—§;§;’(17t)(u) if v =su, ued(et),F <s<1.
Again h} is continuous and satisfies h(, = k o k, h} = id. O

Lemma 4.4.2: (Hilton) Let ¢ : 9(¢*) — X be a attaching map.
A homotopy equivalence f : X — Y can be extended to a homotopy
equivalence

F:XLJ¢eA —>YI_Ifo¢e)‘.

Proof. Since f : X — Y is a a homotopy equivalence, there exists
a homotopy inverse g : Y — X to f and h; : X — X a homotopy
such that hg = go f and h; = idx. Let H : [0,1] x 9(e*) — X
defined by H(t,x) = ht(¢(z)). Then we have H(0,z) = goop(z) and
H(1,z) = ¢(x). Thus g o op and ¢ are homotopic maps from J(e*)
to X. By the Lemma 4.4.1, there exists a homotopy equivalence

kX Ugopog e — X Uy e,

Define the following two maps F : X Wet — Y We? and
G:Yuwer =+ X e as follows

F($>:{f(x) ifreX

T if x € e

and

iftyeY
G(y):{g(y) iy e ¥
Y ifyee

Then clearly F and G are continuous functions under the disjoint
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union topology. Now, we will use universal property of qoutient map
to get F' and G such that the following diagram commutes: Now,

~

k] ¢ ’F—) \(Llf’,
t_f
'If
qr »
> *‘sﬁP yue

xUe  ——

we will prove that F has a left homotopy inverse viz. ko G. That is,
the composition ko G o F': X Ly e > X Ug e is homotopic to the
indentity map. From the definiton of k, F' and GG, we note that

kOéoF:{

Claim 2.4.4: If a map F has a left and a right homotopy inverse L
and R respectively, then F' is a homotopy equivalence, and L (or R
) is a 2-sided homotopy inverse.

Proof. Since L and R are left and right homotopy inverses to F', we
have the relations LF' ~ id and F'R ~ id. This implies that

L~L(FR)=(LF)R~R
Hence

FL~FR~ id(or RF~LF ~ id)
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which proves that L( or R ) is a 2 -sided homotopy inverse. To
prove the Lemma 2.4.2, it only remains to prove that F' has a right
homotopy inverse. By the Claim 2.4.4, we obtain the following: -
ko(GoF) ~id implies that (Go F)ok ~ id since k is known to have a
left homotopy inverse (by Lemma 2.4.1). - Go(Fok) = (GoF)ok ~
id implies that (F' o k) o G =~ id since G is known to have a left
homotopy inverse. - F o (koG) = (Fok)oG ~ id implies that F'
has k o G as a right homotopy inverse. Therefore, F' is a homotopy
equivalence. This completes the proof of Lemma 2.4.2.

Proof. (of Theorem 4.4.3) Let a € R and p;, be critical points
belonging to f~!(¢;) with index \jg,. If f~1(a) = 0, then M* = (
and so we have nothing to do. If f~!(a) # 0, then M* # (). Base
case: We may assume that ¢; < a < cg. Since M® is compact, f
has a global minimum value ¢; € R (i.e, ¢; < f(p) for all p € M
). According to the Theorem 2.4.1, 44 CRV CHAPTER 2. MORSE
THEORY M€ is homotopy equivalent to M¢ for some small € >
0. Since the critical points belonging to f~! (c;) have index 0 , by
Proposition 2.4.1, M€ has the homotopy type of a disjoint union
of 0 cells. Therefore, M® has the homotopy type of a CW-complex.

Induction hypothesis: Suppose that a # ¢1,co,cs, -+ such that M®
is homotopy equivalent to a CW-complex K via g. Let ¢ = ¢;, be the
smallest critical value of f bigger than a. According to the Theorem
2.4.1 and Proposition 2.4.1, for some small € > 0 we have that M~ ¢
is homotopy equivalent to M® via h and that M°t¢ has the homotopy
type of M€ Uy 1 eriot Ugjnz " Ypsens etiok0 for some attaching
maps ©jo1," > Pjok,o- Lhen, by Lemma 2.4 .2 we see that

M 6U¢jole ]01U<Pjo2' ’ 'Usﬂjokjo
Since M* is homotopy equivalent to K via g, Lemma 2.4 .2 shows
that

a Aol Njok; Ajo1
M Uho%‘me 70 Uho%"joz’."uho%okme okj ~ KUgohmpjole 70 Ugohosajoz"

By cellular approximation, for each r,1 <7 < kj,, the map gohoyj,
is homotopic to a cellular map ;.. : 0 (e>‘10") — .K'()‘J'O"*l)7 where

K(Mior=1) g the (Ajor — 1)-skeleton of K. Applying lemma 2.4.1
shows that

Ajo1 L. Ajokjo Ajo1 A Aok jo
Kugohocpjole 0 Ugohowjoz UgohO(PjijOe ! :Ku’lﬁjgle 0 U¢j02 ijokjoe =

Hence K Uy, , eMiot Usjor = Ui, eMokio is a C'W-complex since
the attaching maps are cellular. Therefore, we conclude that M¢+¢

has the homotopy type of a C'W-complex.
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By induction, if ¢ is the smallest critical value of ¢; ’s such that
¢j > ¢, then M @ has the homotopy type of a CW-complex for every
a € (c,c).

Finally, since M is compact, the Morse function f has a finite number
of critical points (see Corollary 2.2.1) and a finite number of critical

values. Thus the inductive step above completes the proof for all of
M. O
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